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AN ALTERNATING PROPERTY FOR HIGHER BRAUER GROUPS
TONY FENG
Abstract. Using the calculus of Steenrod operations in étale cohomology developed in
[Fen], we prove that the analogue of Tate’s pairing on higher Brauer groups is alternating
on 2-torsion. This improves upon a result of Jahn [Jah15].
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1. Introduction
Let X be a smooth projective surface over Fq, Br(X) its Brauer group, and Br(X)nd
its non-divisible quotient. Tate defined a non-degenerate skew-symmetric pairing 〈, 〉Tate on
Br(X)nd and conjectured that it is alternating ([Tat95], after Theorem 5.1). This would
in particular imply that #Br(X)nd is a perfect square. Urabe proved that #Br(X)nd is a
perfect square if char Fq = p 6= 2 [Ura96].
Since Tate’s pairing is skew-symmetric, only the 2-power torsion subgroup Br(X)nd[2
∞]
is interesting as far as the alternating property is concerned. In [Fen] we showed that 〈, 〉Tate
is alternating when restricted to Br(X)nd[2]. By [PS99], Theorem 8 a finite abelian group
with a non-degenerate skew-symmetric pairing which is alternating on 2 torsion must have
square order, so the result of [Fen] refines that of Urabe.
Jahn defined a generalization of Tate’s pairing to higher Brauer groups. Briefly, if X
is a smooth projective variety of even dimension 2r over Fq, then its higher Brauer group
is Brr(X) := H2r+1L (X ;Z(r)), where HL is a Lichtenbaum cohomology group ([Jah15] §2).
The pairing is obtained from a non-degenerate skew-symmetric pairing on the non-divisible
quotient Brr(X)nd. (For context, we mention that the Tate conjecture implies Br
r(X)nd =
Brr(X).)
If 〈, 〉Jahn were alternating, then #Br
r(X)nd would be a perfect square. Jahn generalizes
Urabe’s method to show that #Brr(X)nd is indeed a perfect square ([Jah15], Theorem 1).
Again 〈〉Jahn is skew-symmetric, so only Br
r(X)nd[2
∞] is interesting as far as the alternating
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property is concerned. In the present paper, we show that the method of [Fen] generalize
to an analogous refinement:
Theorem 1.1. The pairing 〈, 〉Jahn is alternating on Br
r(X)nd[2].
By [PS99] Theorem 8, this gives a new proof of Jahn’s main theorem as an immediate
corollary.
Remark 1.2. The strategy of [Fen] originated as an attempt to disprove the alternating
property for 〈, 〉Tate. There is a qualitative difference in how it runs depending on whether
r is even or odd, which gave us momentary hope that it could be used to disprove the
alternating property for 〈, 〉Jahn on Br
r(X)nd for r even, but again the pairing conspired to
appear alternating.
Acknowledgements. We thank Aravind Asok for bringing this problem to our attention.
2. The pairing on higher Brauer groups
We briefly summarize the definition of Jahn’s pairing 〈, 〉Jahn from [Jah15] §2 and §3. Let
X be a smooth projective varieties of even dimension 2r over Fq. Jahn defines the higher
Brauer group
Brr(X) := H2r+1L (X ;Z(r))
where the right hand side is a Lichtenbaum cohomology group. By [Jah15] Lemma 1 we
have the following interpretation of its non-divisible quotient:
Brr(X)nd[ℓ
∞] ∼= H2r+1ét (X ;Zℓ(r))tors.
The pairing on Brr(X)nd[ℓ
∞] is then defined as follows. Let
δ˜ : H2rét (X ;Qℓ/Zℓ(r))nd → H
2r+1
ét
(X ;Zℓ(r))tors
be the boundary map induced by the short exact sequence
0 → Zℓ(r) → Qℓ(r) → Qℓ/Zℓ(r) → 0
The map δ˜ is an isomorphism, so it suffices to define a pairing on H2rét (X ;Qℓ/Zℓ(r))nd. Note
that X has a Poincaré duality of dimension 4r + 1, so that there is an isomorphism∫
: H4r+1
ét
(X ;Qℓ/Zℓ(2r))
∼
−→ Qℓ/Zℓ.
Definition 2.1. For x, y ∈ H2r+1(X ;Qℓ/Zℓ(r))nd, we define
〈x, y〉Jahn =
∫
(x ⌣ δ˜y).
This pairing is easily shown to be non-degenerate and skew-symmetric; see [Jah15] §3 for
the details. Since the distinction between skew-symmetric and alternating disappears for
ℓ 6= 2, for the purposes of studying the alternating property we may focus on ℓ = 2.
3. Proof of the Main Theorem
We use the strategy and tools of [Fen] to prove Theorem 1.1. The paper [Fen] puts quite
some effort into exposition, while the present one cuts a geodesic to the result, so the reader
should consult [Fen] for a more detailed discussion.
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3.1. Some auxiliary pairings. We define two auxiliary pairings on the groupH2rét (X ;Z/2Z).
As in [Fen] Remark 2.3 there is a Poincaré duality for H∗ét(X ;Z/2Z). Abusing notation, we
denote again ∫
: H2r+1
ét
(X ;Z/2Z)
∼
−→ Z/2Z
the isomorphism induced by the fundamental class.
Definition of the pairing 〈·, ·〉. We have the short exact sequence of sheaves on X :
0→ Z/2Z→ Z/4Z→ Z/2Z→ 0
inducing a boundary map
δ′ : Hiét(X,Z/2Z)→ H
i+1
ét
(X,Z/2Z).
We define the pairing
〈·, ·〉 : H2rét (X,Z/2Z)×H
2r
ét (X,Z/2Z)→ Z/2Z
by
〈x, y〉 =
∫
x ⌣ δy.
Proposition 3.1. The pairing 〈·, ·〉 is skew-symmetric.
Proof. The proof is the same as that for [Fen] Lemma 2.4. 
Definition of the pairing 〈·, ·〉′. We have the short exact sequence of sheaves on X :
0 // µ2 // µ4 // µ2 // 0
0 // Z/2Z // Z/4Z(1) // Z/2Z // 0
inducing a boundary map (identifying µ2 ∼= Z/2Z)
δ′ : Hiét(X,Z/2Z)→ H
i+1
ét
(X,Z/2Z).
We then define the pairing
〈·, ·〉′ : H2rét (X,Z/2Z)×H
2r
ét (X,Z/2Z)→ Z/2Z
by
〈x, y〉′ =
∫
(x ⌣ δ′y).
Proposition 3.2. The pairing 〈·, ·〉′ is skew-symmetric.
Proof. The argument is the same as for [Fen] Lemma 2.4. 
Remark 3.3. When our base field Fq satisfies µ4 ⊂ Fq, i.e. when q ≡ 1 (mod 4), the
pairings 〈·, ·〉 and 〈·, ·〉′ obviously coincide since Z/4Z ∼= Z/4Z(1).
Relation between the pairings. We now sort out the relationship between the different
pairings. Let 〈·, ·〉r be the pairing induced by the short exact sequence of sheaves
0→ Z/2Z(r) → Z/4Z(r) → Z/2Z(r) → 0.
Thus 〈·, ·〉r = 〈·, ·〉 if r is even and 〈·, ·〉r = 〈·, ·〉
′ if r
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Proposition 3.4. The boundary map H2r
ét
(X,Z/2Z) → H2r+1
ét
(X,Z2(r)) induced by the
short exact sequence
0→ Z2(r)
2
−→ Z2(r) → Z/2Z→ 0
surjects onto H2r+1
ét
(X,Z2(r))[2]. Moreover, it is compatible for the pairings 〈·, ·〉r and
〈·, ·〉Jahn in the sense that the following diagram commutes
H2r
ét
(X,Z/2Z)

× H2r
ét
(X,Z/2Z)

〈·,·〉r
// H4r+1
ét
(X,Z/2Z)
H2r+1
ét
(X,Z2(r))[2] × H
2r+1
ét
(X,Z2(r))[2]
""❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊ 〈·,·〉Jahn
// H4r+1
ét
(X,Z/2Z)
H4r+1
ét
(X,Z2(r))
<<②②②②②②②②②②②②②②②②②②②②
Proof. The proof is the same as for [Fen] Proposition 2.6. 
The proposition immediately implies:
Corollary 3.5. If the pairing 〈·, ·〉r on H
2r
ét
(X,Z/2Z) is alternating then so is the pairing
〈·, ·〉Jahn on Br
r(X)nd[2].
We quantify the difference between the pairings 〈·, ·〉 and 〈·, ·〉′. This just boils down to
analyzing the difference between the boundary maps δ and δ′.
Lemma 3.6 ([Fen], Proposition 2.11). Let α be the image of 1 ∈ H0
ét
(X,Z/2Z) under the
boundary map δ′. Then
δ′(x) = δ(x) + α ⌣ x
for all x ∈ H∗
ét
(X,Z/2Z).
Remark 3.7. Since the short exact sequence of sheaves on Xét
0→ Z/2Z→ Z/4Z(1)→ Z/2Z→ 0
is pulled back from Spec Fq, the element α is pulled back from the image of 1 under the
corresponding boundary map δ′ : H0(Fq,Z/2Z) → H
1(Fq,Z/2Z). Therefore, we shall use
α to denote this element as well, and all its pullbacks to any variety over Fq.
Note that α is characterized by the property that it is non-zero exactly when q ≡ 3
(mod 4). Indeed, if q ≡ 1 (mod 4) then H0ét(X ;Z/4Z(1)) surjects onto Z/2Z, so the
boundary map δ′ vanishes. If q ≡ 3 (mod 4) on the other hand, then the reduction map
H0ét(X ;Z/4Z(1)) → H
0
ét(X,Z/2Z) vanishes so the boundary map is injective (hence an
isomorphism).
In particular, we find the following relation between the pairings:
〈x, x〉′ = x · δ′x = x · δx+ α · x2 = 〈x, x〉 +
∫
α · x2. (3.1.1)
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3.2. Expression in terms of Steenrod operations. We freely use the action of Steenrod
operations in étale cohomology defined in [Fen] Definition 3.1; see [Fen] §3 for an exposition
and references.
Proposition 3.8. We have
x · Sq1 x = Sq2r Sq1 x.
Proof. For x ∈ H2rét (X ;Z/2Z), we consider the trajectory of the term x
2 ∈ H4rét (X ;Z/2Z) in
the “ℓ-adic Bockstein spectral sequence” of[Fen] §4. Since the differentials on E1 are given
by the Bockstein Sq1, it obviously survives to E2. By the comparison theorem between
the ℓ-adic and classical Bockstein spectral sequences, Theorem 5.4 of [Bro62] shows that if
y = Sq1 x ∈ H2r+1
ét
(X ;Z/2Z) then either [xy + Sq2r y] = 0 on E2 or
d2(x
2) = [xy + Sq2r y].
By the same argument as in [Fen] §4.5 we have d1 = 0 on E
4r
1 and d2 = 0 on E
4r
2 because
H4r+1(X ;Z2) ∼= Z/2
val2(q
2r−1)Z, so that xy = Sq2r y in H2r+1(X ;Z/2Z), which is exactly
what we wanted. 
By Corollary 3.5 and (3.1.1) and the fact that Sq1 = δ, to prove Theorem 1.1 we want
to show that Sq2r Sq1 x = 0 if r is even and Sq2r Sq1 x+ αx2 = 0 if r is odd.
3.3. Wu classes and Stiefel-Whitney classes.
Definition 3.9. Consider the Steenrod operation
Sqi : H4r+1−i
ét
(X ;Z/2Z)→ H4r+1
ét
(X ;Z/2Z).
By Poincaré duality there exists a unique vi such that
Sqi(x) = vi ⌣ x for all x ∈ H
4r+1−i
ét
(X ;Z/2Z).
We say vi is the ith Wu class.
For x ∈ H2r(X ;Z/2Z) we can write
Sq2r Sq1 x = v2r · Sq
1 x = Sq1(v2r · x)− (Sq
1 v2r) · x = (v1v2r − Sq
1 v2r) · x. (3.3.1)
Lemma 3.10. If X is smooth projective and even dimensional over Fq, then its first Wu
class v1 = 0.
Proof. The map Sq1 = δ : H4r(X ;Z/2Z)→ H4r+1(X ;Z/2Z) has image equal to the kernel
of
H4r+1(X ;Z/2Z) = H4r+1(X ;Z/2Z(2r))→ H4r+1(X ;Z/4Z(2r)).
But this map is injective by Poincaré duality. 
Thus we in fact find:
Sq2r Sq1 x = (Sq1 v2r) · x. (3.3.2)
For a vector bundle E → X , we define the Stiefel-Whitney classes wi(V ) as in [Fen] §5.2.
These are related to the Wu classes through the “Wu formula”.
Theorem 3.11 ([Fen] Theorem 6.4). Let
Sq = 1 + Sq1 +Sq2 + . . .
v = v1 + v2 = . . .
w = w1 + w2 + . . .
Then we have w = Sq v.
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Theorem 3.12 ([Fen], Theorem 5.3). Let X be a smooth variety over a finite field Fq of
characteristic not 2 and E a vector bundle on X of rank s. Let α ∈ H1
ét
(Fq,Z/2Z) be as in
Proposition 3.6; identify it with its image in H1
ét
(X,Z/2Z). Then we have:
w(E) = 1 + w1 + w2 + . . .+ w2r =
{
(1 + α)ceven + codd s odd
ceven + (1 + α)codd s even
where
ceven = 1 + c2 + c4 + . . . ∈ H
∗
ét
(X ;Z2)
codd = c1 + c3 + . . . ∈ H
∗
ét
(X ;Z2)
and c mean the reduction modulo 2.
Remark 3.13. Lemma 3.10 also follows from Theorem 3.11 plus Theorem 3.12.
3.4. Obstruction to alternating. By Corollary (3.5), (3.6), Proposition 3.8, and (3.3.1),
to prove Theorem 1.1 it remains to show:
• if r is even, then Sq1 v2r = 0.
• if r is odd, then Sq1 v2r + αv2r = 0.
Let us consider these cases in turn. If r is even, then Sq1 v2r = 0 if v2r lifts to H
2r
ét (X ;Z/4Z).
By Theorem 3.11 we can express v2r as a polynomial in the Stiefel-Whitney classes P2r({wi}).
Rewrite P2r({wi}) using Theorem 3.12 as a polynomial in the (reductions of) Chern classes
and α, and note that α cannot appear in the simplified result because α has degree 1, α2 = 0
and the total expression is in even degree 2r. Thus P2r({wi}) ∈ H
2r
ét (X ;Z/2Z) is the reduc-
tion mod 2 of some polynomial in Chern classes with cohomological degree r. Since Chern
classes admit integral lifts, the class P2r({wi}) lifts to H
2r
ét (X ;Z2(r)). In particular, since r
is even P2r({wi}) lifts to H
2r
ét (X ;Z/4Z(r))
∼= H2rét (X ;Z/4).
Next suppose that r is odd. We want to show that Sq1 v2r + αv2r = 0. Note that
Sq1 v2r+αv2r = δ
′(v2r) by Lemma 3.6, so we want to show that vr lifts to H
2r
ét (X ;Z/4Z(1)).
Again if we write v2r = P2r({wi}) as a polynomial in the (reductions of) Chern classes
and α then α cannot appear. Thus P2r({wi}) ∈ H
2r
ét (X ;Z/2Z) is the reduction mod 2
of some polynomial in Chern classes with degree r. Since Chern classes admit integral
lifts, the class P2r({wi}) lifts to H
2r
ét (X ;Z2(r)). Now since r is odd, P2r({wi}) lifts to
H2rét (X ;Z/4Z(r))
∼= H2rét (X ;Z/4(1)).
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